JZS (2017) 19 — 1 (Part-A)

Journal homepa www.jzs.univsul.edu.iq

- >
Journal of Zankoy Sulaimani |
Part-A- (Pure and Applied Sciences) Crossref

On Sy*-Normal Spaces

Laila S. Abudllah

1Dept. of Mathematic$;aculty ofScience and Science Educa School of sciencé)niversity of Sulaiman Kurdistan RegioArag

Articleinfo Abstract

Original: 5 July 2016 The aim of this paper is to introduce and studgw nlass of spaces, calle,*- normal
Sgi’('ssed: 23 August spaces. Also, the relationship between this tyiepace and several other known ty
Accepted: 16 October of spaces and functions has been dealt

2016

Published online: 20

March 2017

Key Words. Sw-open
set,Semi-normal space,
Sw-regular space, Sw-
normal space,
Somewhat open
function, Sw-irresolute
function.

I ntroduction

Throughout this paper by a space ¢X{or simply X) means a topological space on whichseparatiol
axioms are assumed unleseplicitly stated. Le A be a subset of a space the (Cx(A) or CI(A)) and
(Intx(A) or Int(A)) denote the closure and the interior of A respeltivehile Sw-CI(A) and Sw-Int(A)
denote the Sw-closure and S$werior of A, respectively.

A subset Aof a space (Xg) is calle, a semiepen [5] (resp., preopen[6] alo-open[12]) set, if AC
Cl(Int(A)) (resp., A= Int(CI((A)) and A=Int(Cl(Int(A))). The complement @ sem-open (resp., preopen a
a-open) set is called seriesed (resp., pclosed andi-closed). The notion of Swpen set was introduced
in 2009 by Abddullah L. 91], and then shdefined Swaormal space by using $-open sets which it is a
generalization of $-normal space which we defined it in this pa

The aim of this paper i® defineS, -normal space and we gieveral charactezations and some
properties of italso we investigate its relationships with otfe#ated spaces and functic
1. Preliminaries

We recall some basic definitions and results wkghbe used il the next sectionlVe have the followint
results from [1].
Definition 1.1 A subset A of a topological space @,together with the empty sis callec an Sw-open set
if Int(A) =@ The family of all Swepen sets of X is denoted by SwO@Xpr SwO(X)

The complement of an Sepen set is called an closed set. A set A is called -regular if it both Sw-
open and Sw-closed set.

Proposition 1.2 Let A be any Swopen set in a space X atet Y be a subspace of Xf Intx(A) Y =,

then AN Y is an Sw-open setin Y.
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Lemmal.3 If AcB and A is an Sw-open set, then so is B.
Definition 1.4 A topological space (X, is calledSw-regular if for each closed set F and eadd K in X,
there are disjoint Sw-open sets U and V such thAtand FLIV.
Definition 1.5 A topological space (%) is called arbBw-T, space, if for each pair of distinct points x, y in
X, there exist two disjoint Sw-open sets U and \Kafontaining x and y respectively.
Definition 1.6 A topological space (%) is calledS -normal (= semi-normal[7]) (resp.,Sw-normal[1]) if
for each pair of disjoint semi-closed (resp., ct)sgets A and B in X, there are disjoint semi-ofsp.,
Sw-open) sets M and N such thaftlM and BLI N.

The following topological concepts and resatts found in Dontchepg].
Definition 1.7 A space X is calledhyperconnected, if every nonempty open subset of X is dense. A
hyperconnected space sometimes is called irreducibl
Lemma 1.8 Let (X, 1) be any topological space. Then the followingestants are equivalent:
1) Xis hyperconnected,
2) The intersection of any two non-empty open set®isempty.
Definition 1.9[8] A topological space (Xz) is said to beéocally indiscrete if every open subset of X is
closed.
Theorem 1.10[8] A space X is locally indiscrete if and onlyeifery subset of X is preopen.
Lemma 1.11[8] If X is locally indiscrete, then each semi-closetiset of X is closed and hence clopen.
Definition 1.12[10] A space X is calledsemi-compact if every semi-open cover of X admits a finite
subcover.
Definition 1.13[9] A space (X;) is calleds-regular, if for each closed set A and eachl &, there exist
disjoint semi-open sets U and V such thatl 8 and X 1V.
Definition1.14[11] space X is said to bextremally disconnected, if for every open set in X its closure is
also open, or equivalently if the interior of evetosed set is closed.
Theorem 1.15[12] let (X, 1) be a topological space, then the following st&ets are equivalent:

1) (X, 1) is extremally disconnected,

2) The collection of all semi-open sets of X form®pology on X.
Definition 1.16[13] Let A be a subset of a set X. The characterigtiction y, of a set A from a set X into

{0, 1} is defined by:y w _ (1 ifxeA -
4 ={0 if x¢A

Definition 1.17[1] A functionf from a space X into a space Y is called Sw-irresglifi for each XX and
for each Sw-open set A in Y containif(g), there exists an Sw-open set U in X containirgyich thaf(U)
LIA.

Theorem 1.18[1] A functionf from a space X into a space Y is Sw-irresolutanidl only iff *(A) is Sw-
open in X for every Sw-open set Ain Y.

Theorem 1.19[1] If fis a continuous function from a space X onto aspgdhenf is Sw-irresolute.
Definition 1.20[3] Letf be a function from a space X into a spacefYs called Somewhat opdbriefly
Sw-open) if U is a non-empty open subset of X, tteme is a non-empty open subset V of Y such that
V LT (V).

Theorem 1.21 A functionf from a space X into a space Y is:
1) Irresolute if and only if *(U) is semi-closed in X for every semi-closed sut$én Y [2].
2) Somewhat open (briefly Sw-open) if and only if(fr{A))#¢ for all ALIX in which Int(A) ¢ [3].

2. Sy*-Normal Spaces

Definition 2.1 A topological space (X) is called § -normal, if for each pair of disjoint sets A andrBX,
where A is semi-closed and B is closed, there &jeidt Sw-open sets U and V such thdflA) and B V.
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It is clear that from the above definitionttleaery S-normal space is,S-normal, but the converse is not
true in general as shown in the following example:
Example 2.2 Let X ={a, b, c, d} witht = {e, X, {a}, {b, ¢}, {a, b, c}, {b, d}, {b}, {a, b}, { a, b, d}, {b, c,
d}}. Then (X, 1) is an § -normal space, but it is not-Bormal.

The following theorem is a characterizatiémo S, -normal spaces:
Theorem 2.3 A topological space (X;) is S, -normal if and only if for each semi-closed set Wdaach
open set U, which contains A, there exists an Senagget M in X such that &AM [0 Sw-CI(M) L U.
Proof: Let A be any semi-closed subset in gn-Sormal space X and U be any open supper set af A i
Then X\U is closed and A (X\U)= . So by the hypothesis there exist two disjoint@en sets L and M
such that ATM, X\U O L and M L=¢. Since M L=¢, then M (X\L) but X\UIL, then (X\L)OOU and
so M U. Since M and L are Sw-open sets, then X\M and atd. Sw-closed sets and so Sw-CI(X\M)=X\M
and Sw-CI(X\L) = X\L, so A1 M O Sw-CI(M) J Sw-CI(X\L)= X\L JU. Thus ALOM O Sw-CI(M) [ U.

Conversely, let the condition be satisfied bt Ay, A, be two disjoint subsets of X such thatig semi-
closed and Ais closed. Since M A, =@. Then A LIX\A,, where X\A is open, so by the hypothesis there
exists an Sw-open set M such that AV [J Sw-CI(M) L X\A,. Put L=X\Sw-CI(M). Consequently there
exist two disjoint Sw-open sets L and M such thatiM and A [JL. Therefore X is an S-normal space.

As a corollary of Theorem 2.3 we have:

Corollary 2.4 A space X is §-normal if and only if for each semi-closed set riel ®@ach open set U
containing F, there exists a subset A of X, suel i Sw-Int(A) L Sw-CI(A) L U.
Proof: It follows from (Theorem 2.3 and Lemma 1.3).
Proposition 2.5 Every semi-T S, -normal space is an Sw-regular space.
Proof: Let A be any closed subset in ap-8ormal space X andxX such that XJA. Since X is a semi-T
space, then {x} is a semi-closed subset of X with({) A=¢. By the § -normality of X, there exist two
disjoint Sw-open sets M and L of X such that XM, AOL. So xXdM, ALL. Thus X is an Sw-regular
space.

From Proposition 2.5 we have the following corgllar
Corollary 2.6 Everyt; S, -normal space is an Sw-regular space.
Proof: It follows from (Proposition 2.5).
Proposition 2.7 Every T, S, -normal space is Sw,T
Proof: Let x and y be any two distinct points in X. Singeis a T;-space, then {x} and {y} are closed
subsets of X with {xP{y} =¢. By S, -normality of X there exist two disjoint Sw-operts& and V of X
such that {x}lcUand {y}cV. So xe U, ye V. Thus X is an Sw-Jspace.

The following theorem shows the relations lestv$ -normal and s-regular space when a space is semi-
compact and extremelly disconnected.
Theorem 2.8 If X is an s-regular, semi-compact and extremdifconnected space, then it is af-Sormal
space.
Proof: Let F and H be any two disjoint subsets of a spgoghere F is semi-closed and H is closed. Since
X is s-regular, then for eactek (means x#H), then there exist two semi-open setsadd 4 of X such
that U, HcV, and UNV, =¢. The collection {U: x€F} is a semi-open cover of F and since F is semi-
closed then X\F is semi-open. This implies that Mz{xeF}U(X\F) is a semi-open cover of X. Since X is
semi-compact, then there exist a finite sub fanmoly M such that X€Ui-, U, )U(X\F) and then,
FcUX, U,;. Let U=U]L, Uy; and VN[, V,;. Since X is extremally disconnected, then U arar®/ disjoint
semi-open sets and so they are Sw-open sets incK teat EU and H=V. That X is an $ -normal space.
Remark 2.9 The property of an,S-normal space is not a hereditary property. As se&xample 2.2,
(X, 1) is an § -normal space, but Y= {b, c, d} is a subset of Xl@aot, ={¢,Y {b,c},{b,d},{b}}. Then {d}
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and {c} are disjoint closed set and so one of thlsay {d} is a semi-closed subset of Y, but theresdnet
exist two disjoint Sw-open sets in Y containingrtheespectively. Therefor () is not S -normal.
The following result is a characterizatioraof S, -normal spaces:
Theorem 2.10 For a topological space (X) the following statements are equivalent:
1. Xis an $ -normal space.
2. For every two subsets U and V such that U is gpahV is semi-open whose union is X, there exists
Sw-closed sets A and B of X, such thatldJ, B[]V and AU B=X.
Proof:(1)=>(2) Let U and V be any two subsets in an-8ormal space X, where U is open and V is semi-
open such that X=U V. Then X\U is closed and X\V is semi-closed whigk disjoint. So by S-normality
of X, there exist disjoint Sw-open sets &hd \; such that X\U1U; and X\V1V,, so X\U, JU and X\V; []
V. Let A= X\U; and B = X\\4&. Then A and B are Sw-closed sets such thatlA BV and AUB = X.

(2)=(1) Let U and V be two disjoint subsets of X such tdas closed and V is semi-closed. Then X\U is
open and X\V is semi-open. SincefUV =g, then (X\U)U (X\V) = X. So there exist two Sw-closed sets A
and B of X such that Aj X\U, B[] X\V and AUB = X. Then UJX\A and V [J X\B, where X\A, X\B are
Sw-open sets, further more XWX\B =X\(A UB)=X\X=¢. Therefore (Xz) is an § -normal space.

Recall that a subset A of space X is calledeaeralized semi-closed (briefly gs-closed) if sCI(Ad
U,whenever Ac U and U is an open set in X [2].

By using a gs-closed set, we conclude thevioiig result:
Theorem 2.11 Let (X, 1) be a space andFFA=¢, where F is closed and A is a gs-closed set itheq (X,

1) is S, -normal if and only if ) sCI(A) =, further, there exist disjoint Sw-open sets U &hdf X such
that ALJU and A1 V.

Proof: Let X be an $-normal space. Since (AF =g, then AL X\F where X\F is open. Since A is a gs-
closed set, then sCI(A)X\F. That is sCI(AJ)F =@, so by § -normality of X, there exist two disjoint Sw-
open sets U and V of X such thatl®J and sCI(A)Y1V, but ALIsCI(A)JV. Thus, ALV, FLJU and

unv =e.

Conversely, let A and B be two disjoint setsXi, where A is semi-closed and B is closed. Siexery
semi-closed set is gs-closed, then by the hypath#®re exist disjoint Sw-open sets U and V gbeh A
U and BO V. Thus X is an $ -normal space.

Like the well-known Urysohn’s Lemma we have fbllowing result, although we prove it in a diéat
way:

Theorem 2.12 A space X is an,$-normal if and only if for any two disjoint subseisand B of X, such
that A is closed and B is semi-closed, there exstSw-irresolute functioh: X — [0, 1] such thaf (x) =0
for all xL'JA andf (x) = 1 for all XJB.

Proof: Let X be an $-normal space and A, B be any disjoint subsets stih that A is closed and B is
semi-closed. Then there exist two disjoint Sw-opets U and V such that[AU and B V. To show that
there exists an Sw-irresolute functibnX — [0, 1] such that (x) = O for all XJA andf (x) =1 for all X_IB.

Consider the characteristic funct@\(wcw . Then /\/S\Hw) (a, 1] = Sw-CI(V), where Sw-CI(V) is an

)
Sw-regular set and /\/chw)'l[o, a) = X\Sw-CI(V) which is also an Sw-regular.satso /\/chw)'l(a,

b)= ¢ where O<a<b<l and)(S CW)'l[O, 1] = X. Thus /\/S ) is an Sw-irresolute function, such that

XSWC'(V) (A) ={0}and /YchIN) ()= {1}
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Conversely, suppose that, for any two disjeintisets A and B of X such that A is closed and Beimi-
closed of X an irresolute functioh: X — [0, 1] such that (x)=0 for all XJA andf (x)=1 for all XxJB. To
show X is an $ -normal space, let G be an Sw-open set of [0, fifaining 0 but not containing 1. Then
f %(G) is an Sw-open set in X such that £~1(G). Again let H be an Sw-open set of [0, 1] comiteg 1 but
not 0 such that G H=¢, thenf *(H) is an Sw-open set in X such thatB (H). Let f~1(G)=M and
f~Y(H)=N. Thus M and N are Sw-open sets in X sudi M, BN and M N=¢. Therefore X is an &
normal space.

Proposition 2.13 The property of a space being ayf-8ormal space is preserved under an onto, irrésolu
continuous and Sw-open function.

Proof: Let A and B be two disjoint subsets of Y such tAds closed and B is semi-closed. THeHA) is
closed and "(B) is semi-closed sets in X, so by $iormality of X, there exist two disjoint Sw-opeets U
and V such that (A) OU andf (B) O V. Sincef is an Sw-open function and Int(p, Int(V) =, then
Int(f (U)) ¢ and Intf (V)) =¢. That is f (U) andf(V) are Sw-open sets in Y. Sint&(A) 0 U andf *(B)
OV, then A=f (f *(JA)) O f (U) and B=f (f %(B)) O (V). Thus AOf (U) and BOf (V) andf (U)Nf (V)= ¢.
Hence Y is an $-normal space.

Theorem 2.14[4] Let X and Y be any two topological spacesfifX — Y is continuous and open, then it
is irresolute.

Corollary 2.15 The property of a space being ayf-8ormal space is preserved under an onto, contisiuo
and open function. That is,,Snormal space is a topological property.

Proof: Its proof follows directly from the Proposition3,1Theorem2.14 and from the fact that each open
function is Sw-open.

Theorem 2.16 Letf be a function from a space X onto a space Y, shatf is continuous and Sw-open
function with gs-closed point inverses. If X is &n-normal space, then Y is Sw-regular.

Proof: Let A be any closed subset of Y argly such that {JA. Sincef is continuous. Thefi*(A) is closed

in X and by the hypothesfs'({y}) is a gs-closed set in X. Clearly*(A) andf ‘({y}) are disjoint. Then by
Proposition 2.12, there exist two disjoint Sw-opets U and V such that'({y}) OU andf %A) OV, and
then f (f ‘({y})) O f(U) andf (f *(A)) Of(V). Therefore, yIf(U), AOf(V) andf(U)f(V)= ¢. Alsof (U)
andf (V) are Sw-open sets in Y. That is, Y is an Swdtagspace.

Corollary 2.17 If f is a homeomorphism from an, Shormal space X onto a space Y with gs-closed point
inverses, then Y is an Sw-regular space.

Proof: Follows from Theorem 2.16 and from the fact thathempen function is Sw-open.

Recall that a functioh: X - Y is presemi-closed [5], if the image of each semi-closed set in X is aisem
closed setin Y.

Theorem 2.18 If the codomain of a closed, presemi-closed andr8wolute injective function is an,s
normal space, then so is its domain.

Proof: Let f be a function, from a space X into ap -Bormal space Y, and let;\and \; be two disjoint
subsets in X such that,6 closed an¥, is semi-closed. Thei(V;) andf (V) are disjoint closed and semi-
closed subsets in Y, respectively. Since Y is @anBrmal space, then there exist two disjoint Swropets
A and B in Y, such that(Vy) A, f (Vo) OB. Then \i=f*(f (V) Y(A) and Vb= (f (V) If(B).
Sincef is Sw-irresolute, theri (A) andf *(B) are Sw-open sets in X such that'Vf *(A), V, [ f *(B) and
f%(A) N f(B)= . Thus X is an $-normal space.

Corollary 2.19 If fis a closed, presemi-closed and continues functiom a space X onto an,Snormal
space Y, then X is alsq,Snormal.

Proof: Follows from Theorem 1.19 and Theorem 2.18.
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